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Theorem 1 If u is a maximum-outdegree vertex in a tournament, then for
any other vertex v, at least one of the following is true:

1. (u,v) is an arc;
2. (u,w) and (w,v) are arcs, for some vertex w.

Proof. We can distinguish two cases: either u is adjacent to v or v is
adjacent to u. In the first case, the conclusion is immediate: (u,v) is an arc.

In the alternate where (v,u) is an arc, that arc already accounts for a
portion of v’s outdegree. In order that v has no greater outdegree than u
does, v cannot be adjacent to all of the vertices u is adjacent to. So there
must be some vertex that u is adjacent to that v is not adjacent to. Call
that vertex w. Then there are arcs (u,w) and (w,v). "

Theorem 2 If vi,vo,...,v, is a path in a tournament and T is a vertex
not on the path, then at least one of the following is a path:

1. z,v1,v2,...,0p
2. v1,V2,...,Un,
8. V1,V2, ...,V T, Vit1,...,T for some i

Proof. If (z,v1) or (v,,z) is an arc, then case 1 or 2 applies. Thus we
need only consider the case where (vy,x) and (z,v,) are arcs. We can find a
value of i where (v;,x) and (x,v;41) are arcs using the following algorithm.
Initialize ¢ to 1. So long as (vi+1,x) is an arc, increment ¢. This must
terminate at worst when ¢ +1 = n. Then vy,vo,...,v;, %, Vit1,...,T is a
path. [

Corollary 1 FEvery tournament has a Hamiltonian path.



Proof. A trivial path can be chosen arbitrarily and extended by Theorem 2
until it forms a Hamiltonian path. [

Theorem 3 A tournament is Hamiltonian if and only if it is strong.

Proof. If the tournament is Hamiltonian, it is strong because there is a
path along the Hamiltonian cycle between any two vertices.

If the tournament is strong, then we can also show it is Hamiltonian.
Because the tournament is strong, it contains some cycle ci,co, ..., ¢y, Cq.
If there is some vertex v not on the cycle, and arcs exist (¢j,v) and (v, cg)
for some j and k, then we can find a value of i such that the arcs (¢;,v)
and (v,c;j41) exist using the same algorithm as in the prior proof. Thus
C1,C2y ... ,Ciy U, Citl,...,Cn,C1 is a longer cycle.

On the other hand, if there are vertices not on the cycle, but none such as
the vertex v just described, then it must be the case that all vertices not on
the cycle are in one of two sets. One set is the successors of the cycle, which
is to say, vertices that have arcs from all vertices on the cycle. The other
set is the predecessors of the cycle, vertices that have arcs to all vertices of
the cycle. Any path from a successor to a predecessor must have an arc that
leads from a successor s to a predecessor p. Then ci,co,...,cn,S,p,c1 1S a
longer cycle.

Thus, so long as a cycle doesn’t include all the vertices, it can be made
longer. As such, a Hamiltonian cycle must exist.



